Abstract. We construct Luzin-type subsets of the real line in all finite powers Rothberger, with a non-Menger product. To this end, we use a purely combinatorial approach which allows to weaken assumptions used earlier to construct sets with analogous properties. Our assumptions hold, e.g., in the Random model, where already known category theoretic methods fail.
1. Introduction 1.1. Combinatorial covering properties. By space we mean a topological space. A space X is Rothberger if, for every sequence U 1 , U 2 , . . . of open covers of the space X, there are sets U 1 ∈ U 1 , U 2 ∈ U 2 , . . . such that the family { U n : n ∈ N } covers X. In the latter case, Rothberger's property can be viewed as a topological version of strong measure zero. We restrict our consideration to sets of reals, i.e., spaces homeomorphic to subsets of the real line. In the realm of sets of reals, we have the following implications. countability −→ Rothberger −→ strong measure zero It is consistent that these properties hold only for countable spaces and are, thus, equivalent, e.g., in the Laver model for the consistency of Borel's conjecture [12] . On the other hand, the Continuum Hypothesis implies that the Rothberger property is strictly in between countablility and strong measure zero.
A space X is Menger if, for every sequence U 1 , U 2 , . . . of open covers of the space X, there are finite subsets F 1 ⊆ U 1 , F 2 ⊆ U 2 , . . . such that the family n∈N F n covers X. Menger's property is a generalization of Rothberger's property, and, in the realm of sets of reals, Menger's property is strictly in between σ-compactness and the Lindelöf property.
The above covering properties, are central in the selection principles theory [23] .
Luzin-type sets via combinatorial approach
Let N be the set of natural numbers and P(N) be the family of subsets of N. Identify every element of the set P(N) with its characteristic function, an element of the Cantor cube {0, 1}
N . Using this identification, we introduce a topology in P(N). Since the Cantor cube is homeomorphic to Cantor's set, every subspace of P(N) is a set of reals. Let [N] ∞ be the set of all infinite subsets of N. We identify each set a ∈ [N]
∞ with its increasing enumeration, an element of the Baire space N N . For each natural number n, by a(n) denote the n-th smallest element of the set a. Thus, we have [N] ∞ ⊆ N N . Relative topologies in the set [N] ∞ , from the Baire space N N and from the Cantor space P(N), are equal. For elements x, y ∈ [N] ∞ , we write x ≤ * y, if x is dominated by y, i.e., if the set { n : y(n) < x(n) } is finite. A subset of [N] ∞ is dominating if every element in [N] ∞ is dominated by an element from this set. Analogously, we define relation ≤ * in N N , and a dominating subset of N N . Let d be the minimal cardinality of a dominating set in [N] ∞ (equivalently in N N ). For elements x, y ∈ [N] ∞ , define max{x, y} ∈ [N] ∞ such that max{x, y}(n) := max{x(n), y(n)}, for all natural numbers n. A set X ⊆ [N]
∞ is 2-dominating, if the set { max{x, y} : x, y ∈ X } is dominating.
The cardinal numbers cov(M) and cof(M) do not change if, in their definitions, consider families of meager subsets of P(N), instead of the real line. (1) all finite powers of X and Y are Rothberger, (2) the product space X × Y is not Menger, (3) the union X ∪ Y is 2-dominating.
In order to prove Theorem 2.1 and later discussion, we need the following auxiliary results and notations. A set r ∈ [N]
∞ reaps a family A ⊆ [N] ∞ if, for each set a ∈ A, both sets a ∩ r and a \ r are infinite. Let r be the minimal cardinality of a family A ⊆ [N] ∞ that no set r reaps. For elements x, y ∈ [N] ∞ , we write x ≤ ∞ y if y ≤ * x, i.e., if the set { n :
∞ and an element x ∈ [N] ∞ , we write Z ≤ ∞ x if z ≤ ∞ x for all elements z ∈ Z. We use this convention to any binary relation in [N] ∞ . For a set x ∈ P(N),
The following combinatorial characterization of meager subsets of P(N) is an important tool, in our constructions. ∞ and a function f ∈ [N] ∞ such that the set M is contained in the meager set
) for all but finitely many n }.
Let d
′ be the minimal cardinality of a set
∞ , there is a set a ∈ A such that, the set { n : |a ∩ [b(n), b(n + 1))| ≥ 2 } is finite. The following Lemma, used in our main result, is essentially due to Blass [6, Theorem 2.10]. We provide a proof, for the sake of completeness.
∞ be a set from the definition of the number d ′ , of cardinality d ′ , closed under finite modifications of its elements.
There is a set a ∈ A such that the set { n : |a ∩ [b(n), b(n + 1))| ≥ 2 } is finite. Since the set A is closed under finite modifications of its elements, we may assume that, this finite set is empty, and b(1) < a(1). Fix a natural number n ∈ N, and let b(n) ≤ a(n). If a(n + 1) < b(n + 1), then b(n) ≤ a(n) < a(n + 1) < b(n + 1), and thus |a ∩ [b(n), b(n + 1))| ≥ 2, a contradiction. It follows that b(n + 1) ≤ a(n + 1). We have b ≤ * a, and thus the set A is dominating in 
We have the following inequalities between considered cardinals [6] :
Proof. Let M ′ = { M β : β < α }, for some ordinal number α < cov(M). Fix an ordinal number β < α. By Lemma 2.2, there are a set a β ∈ [N]
∞ and a function f β ∈ [N] ∞ such that the set M β is contained in the meager set
Thus, we may assume that the set M β is equal to the above meager set. Since α < cov(M), there is a set a ∈ [N] ∞ \ β<α M β . Then the sets
∞ such that the sets
Since α < cov(M) ≤ r, there is a decomposition of the set N into infinite sets r, s, t, u, each of them reaps the family { I β , J β : β < α }. Define
Fix an ordinal number β < α and a natural number n ∈ s ∩ J β . There is a natural number
Since the set s ∩ J β is infinite, the set
Analogously, we get y / ∈ M ′ . Fix an ordinal number β < α and a natural number n ∈ t ∩ I β . Since
there is a natural number i such that
for all natural numbers n ∈ t. The set t ∩ I β is infinite, and thus z ≤ ∞ x. Analogously, we get z ≤ ∞ y. Fix a natural number k ≥d(b (1)). There is a natural number n such that
A filter is a subset of [N] ∞ with empty intersection, that is closed under finite intersections and taking supersets. An ultrafilter is a maximal filter. For elements 
∞ and sets
∞ such that:
The cardinal number cov(M) is regular, and thus |F | , |F | < cov(M). Define
, for all natural numbers n. By Lemma 2.4, there are elements
∞ such that :
Since the set F is closed under finite intersections, it is enough to show that for an element f ∈ F and a finite subset
By the definition of the set S, we have max[
for infinitely many natural numbers n. It follows that the intersection
Let U andŨ be ultrafilters containing the sets α<cov(M) F α and α<cov(M)F α , respectively. Define
The set X is a U-scale: By the construction, we have
and thus |M ∩ X| < cov(M). Analogously, the set Y is a cov(M)-Luzin set.
Let Fin be the set of all finite subsets of N. ∞ , whose all finite powers are Rothberger.
By Proposition 2.6(3), a continuous image of the product space
∞ .
An open family of proper subsets of a space is an ω-cover of the space if, each finite subset of the space is contained in a member of the family. A space X is Scheepers if, for every sequence of open covers U 1 , U 2 , . . . of the space X, there are finite subsets F 1 ⊆ U 1 , F 2 ⊆ U 2 , . . . such that the family { F n : n ∈ N } is an ω-cover of X. By the result of Tsaban and Zdomskyy, it is consistent with ZFC that, the Menger and Scheepers properties are equivalent [22, Theorem 3.7] . Assuming that d ≤ r, there is a Menger set of reals that is not Scheepers [ 
Thus, we may assume that the set M β is equal to the above meager set. Since
, for all ordinal numbers β < α. We may assume that y(b(n)) < b(n + 1), for all natural numbers n.
Since α < cov(M) ≤ r, there is a decomposition of the set N into infinite sets r 1 , r 2 , r 3 , each of them reaps the family { I β : β ≤ α }. Since U is an ultrafilter, for the only one of the above sets r i , we have n∈r i [b(n), b(n + 1)) ∈ U. Let say that for r 1 . Define
We have r 1 = r [b(n), b(n + 1)) ∈ U. Let say say that for r 2 1 . Let
Then y ≤ U x, and thus Z ≤ U x.
Fix an ordinal number β < α. Since the set r 3 reaps the family { I β : β ≤ α }, the set I β ∩ r 3 is infinite. We have
for infinitely many natural numbers n. By the definition of the set a ′ β , we have
for infinitely many natural numbers n. Thus, x / ∈ M β .
Proof of Proposition 2.9. Let { M α : α < cov(M) } be a cofinal family of meager sets in P(N) and
∞ . Fix an ordinal number α < cov(M). By Lemma 2.10, applied for the family { M β : β < α } of meager sets, and the set { d β , x β : β < α }, there is an element
∞ . There is an ordinal number β < cov(M) such that b ≤ * d β . For every ordinal number α with β < α < cov(M), we have
, and thus the set X is a U-scale.
By the construction, the set X is a cov(M)-Luzin set.
Let U be an ultrafilter. A space X is U-Menger [19] if, for every sequence U 1 , U 2 , . . . of open covers of the space X, there are finite subsets 3.1. Products of Luzin-type sets in Z N . Let Z be the set of integers. Let f, g ∈ Z N . Define functions (f + g), |f + g|, (f − g) ∈ Z N as follows:
for all natural numbers n. For a function f ∈ Z N and a set X ⊆ Z N , let
In the set Z, consider the discrete topology. The space Z N , with the Tychonoff topology, is homeomorphic to the Baire space N N (and thus also to [N] ∞ ), and Z N with the group operation +, is a topological group. The cardinal numbers cov(M) and cof(M) do not change if, in their definitions, consider families of meager subsets of Z N , instead of the real line. Proof. Let { d α : α < cov(M) } be a dominating set in N N and { M α : α < cov(M) } be a cofinal family of meager sets in Z N . Let
Fix an ordinal number α < cov(M). The set d α − X is a cov(M)-Luzin set. Since the set β<α M β ∪ { y β : β < α } is a union of less than cov(M) meager sets, and the cardinal number cov(M) is regular, this union cannot cover the set d α − X. Thus, there is a function
The set Y := { y α : α < cov(M) } is a cov(M)-Luzin set: By the construction, we have
The product space X × Y is not Menger: For each ordinal number α < cov(M), we have y α ∈ d α − X, and thus there is a function x α ∈ X such that x α + y α = d α . Then the continuous image of the product space X ×Y in N N , under the map (x, y) → |x+ y|, contains a dominating set { d α : α < cov(M) }. Thus, the product space X × Y is not Menger [14, Proposition 3] . 
. . is a sequence of ω-covers of the set Y α , then the sets U 
The set Z α is a union of less than c meager sets. Since the cardinal number c is regular, the set Z α cannot cover the Luzin set d α − X, and thus there is a function
Fix an ordinal number β ≤ α. Assume that { U β n : n ∈ N } = {Z N }. The family { U β n : n ∈ N } is an ω-cover of the set Y α ∪ {y α }: For every finite set F ⊆ Y α , we have y α ∈ G F,β . Thus, there is an ordinal number n with F ∪ {y α } ⊆ U β n . Let Y := α<c Y α . By the construction, the set Y is a c-Luzin set. For each ordinal number α < c, we have y α ∈ d α − X, and thus there is a function x α ∈ X such that x α + y α = d α . Then Z N is a continuous image of the product space X × Y , under the map (x, y) → x + y. Since the Menger property is preserved under continuous maps, and the space Z N is not Menger (it is homeomorphic to N N ), the product space X × Y is not Menger as well. All finite powers of the set Y are Rothberger: It is enough to show that, for every sequence U 1 , U 2 , . . . of ω-covers of the set Y , there are sets U 1 ∈ U 1 , U 2 ∈ U 2 , . . . such that the family { U n : n ∈ N } is an ω-cover of Y [9, Theorem 3.9]. Let U 1 , U 2 , . . . be a sequence of ω-covers of the set Y , that are families of open sets in Z N . There is an ordinal number α < c such that the sequence U 1 , U 2 , . . . is equal to the sequence U Let a, b ∈ P(N) and A, B ⊆ P(N). Define
The space P(N), with the group operation ⊕, is a topological group. For Y ⊆ P(N), and y ∈ P(N), let Y be the group generated by the set Y , and A, x := A ∪ {x} . 
By transfinite induction on ordinal numbers α < cov(M), pick elements x α , y α ∈ P(N), construct increasing groups X α , Y α with |X α | , |Y α | < cov(M) and groupsX α := β<α X β ,
Fix an ordinal number α < cov(M). By Lemma 2.4, applied to the setM α ⊕ (X α ∪ Y α ), a union of less than cov(M) meager sets, and to the function d α , there are elements
∞ which satisfies (i) and (ii). Let X α := X α , x α and Y α := Ỹ α , y α . We have (X α \X α ) ∩M α = ∅: Suppose not. Then there are elements x ∈X α and m ∈M α such that x ⊕ x α = m. We have x α = x ⊕ m, and thus
By ( By transfinite induction on ordinal numbers α < cov(M), pick elements b α , y α ∈ P(N) and construct increasing groups Y α with |Y α | < cov(M), andỸ α := β<α Y β such that:
Since the set B 0 is a meager set of cardinality c, and Fin ⊕ X is a cov(M)-Luzin set, there is an element 
Since the set b α ⊕X is a cov(M)-Luzin set and the cardinal number cov(M) is regular, there is an element
We have b α / ∈Ỹ α ⊕ Fin ⊕ X, the set X is a group, and thus (
We have (Y α \Ỹ α ) ∩M α = ∅: Suppose not. Then there are elements y ∈Ỹ α and m ∈M α such that y ⊕ y α = m. We have y α = y ⊕ m, and thus y α ∈Ỹ α ⊕M α , a contradiction.
By (iii), the set Y := α<cov(M) Y α is a cov(M)-Luzin set, and since { Y α : α < cov(M) } is an increasing sequence of groups, it is a group.
The product space X × Y is not Menger: Let Z ⊆ P(N) be the image of the product space X × Y , under the map (x, y) → x ⊕ y. Suppose that there are elements x ∈ X, y ∈ Y such that x ⊕ y ∈ Fin \ {∅}. Then there is an ordinal number α < cov(M) such that y ∈ Y α . Thus, there is an element y ′ ∈Ỹ α such that y = y ′ ⊕ y α . Since y α ∈ b α ⊕ X, there is an element x ′ ∈ X such that y α = b α ⊕ x ′ . We have
and thus ∞ ∪ {∅} is a set of reals, the set Z \ {∅} is an F σ subset of Z, and thus it is Menger as well. Since the set Z \ {∅} is a subset of [N] ∞ and it contains a dominating set { b α : α < cov(M) }, it cannot be Menger, a contradiction.
Applications to function spaces
For a set of reals X, let C p (X) be the space of all continuous real-valued functions on the spaces X with the topology of pointwise convergence. Properties of the set X can describe local properties of the space C p (X), and vice versa. A space Y has countable fan tightness [1] if, for each point y ∈ Y and for every sequence U 1 , U 2 , . . . of subsets of the space Y with y ∈ n U n , there are finite sets F 1 ⊆ U 1 , F 2 ⊆ U 2 , . . . such that y ∈ n F n . If we request that the above sets F 1 , F 2 , . . . are singletons, then the space Y has countable strong fan tightness [15] . A space is M-separable [5] if, for every sequence D 1 , D 2 , . . . of dense subsets of the space, there are finite sets F 1 ⊆ D 1 , F 2 ⊆ D 2 , . . . such that the union n F n is a dense subset of the space. If we request that, the above sets D 1 , D 2 , . . . are singletons, then the space is R-separable [5] .
Let X be a set of reals. By the results of Sakai [15] , and Scheepers [17, Theorem 13] , the statements: all finite powers of the set X are Rothberger, the space C p (X) has countable strong fan tightness, the space C p (X) is R-separable, are equivalent. By the results of Just, Miller, Scheepers, and Szeptycki [17, Theorem 3.9] , and Scheepers [17, Theorem 35] , the statements: all finite powers of the set X are Menger, the space C p (X) has countable fan tightness, the space C p (X) is M-separable, are equivalent, too.
Let X and Y be sets of reals, and X ⊔ Y be a topological sum of these sets. The product space X × Y is a closed subspace of the product space (X ⊔ Y ) 2 . Thus, if X × Y is not Menger, then (X ⊔ Y ) 2 is not Menger, too. Since the product space C p (X) × C p (Y ) is homeomorphic to the space C p (X ⊔ Y ), we have the following corollaries from Theorem 2.1. 
Open problems
In the light of the above results, the following problems arises.
Problem 5.1. Do Theorems 2.1, 2.7, 3.1, 3.2, 3.4 
